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Abstract

The study involves a mathematical analysis of the Brusselator system on a convex bounded
three-dimensional open domain, considering Neumann boundary conditions. We establish the
global existence and uniqueness of the strong solution for this system. Achieving high regularity
for the strong solution requires stringent conditions on the initial data. The study demonstrates
the continuous dependence of the solution on the initial conditions.
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1 Introduction

In practical scenarios, addressing the chemical reactions within systems involving two variable
intermediates and various initial and final products, whose concentrations are regulated through-
out the reaction mechanism, is a crucial challenge. This observation is articulated by Nicolis and
Prigogine in their work [2, 11, 14]. The rate equations necessitate the inclusion of at least a cu-
bic nonlinearity [12]. The trimolecular model, also known as the Brusselator [18], proves to be
a valuable tool for exploring chemical kinetics processes. It is employed to study ozone forma-
tion by a three-step collision involving a tri-molecular reaction with atomic oxygen. This model
finds applications in enzymatic reactions, as well as in establishing connections between specific
modes in plasma physics and lasers. Here, we investigate the Brusselator system with Neumann
boundary conditions in the form:(see [17, 4])

09
5 1 AY — paAp = —(a+1)9 +9%p, in Qr, (1)
Oy 2 .
i usAp = ad — 99, in Qr, (2)
oY 0
= 0, 8—5 =0, on S, (3)
19(’0) = 190a 90(70) = ¥0, in Q7 (4)

where Qr = Q x (0,7), (Q) represents a bounded domain in R*(L = 1,2,3); where smooth
boundary 09, Sy = 02 x (0,T'), v represents the exterior unit normal to 02, ¥y and ¢, denote
the initial data, and o > 0 is a positive parameter. An essential feature of the model is that the
positive diffusion constants p1, pi2, 3 typically satisfy pqu3 > p3, and in some cases with ps < 1.
On the boundary, « is dimensionless non-negative constant. The above coupled nonlinear system
arises in chemical kinetics, as well as in thermodynamics and in pattern formation. There are a lot
of recent studies that contain the study of this system in theory or numerically, which include a
lot of important applications associated with this system [9, 10].

The significance of investigating interaction propagation systems with Neumann boundary
conditions is underscored by various factors. While extensive research has been conducted on
interaction propagation systems with both Neumann and Dirichlet conditions of has been rela-
tively limited. Sherratt [15] introduces the concept of "oscillatory" reaction-diffusion equations
with applications ecology. Indeed, numerous recent studies have delved into the investigation of
interaction propagation systems with Neumann boundary conditions [3, 8].

2 Notation and Preliminaries

Let Q be a bounded domain in RY, L < 3 with boundary 052. For L = 1,2, 3, we assume that
0Q is a Lipschitz boundary. In this paper, we utilize the standard notation for Sobolev spaces,
representing the norm of W*7(€2), where A € Nand v € [1,00] by | - ||, and the semi-norm by
| - |x,,- When v = 2, we denote W*2(Q) as H*(2) with the norm || - || and semi-norm | - |. For
A =0, W92(Q) is equivalent to L?(Q2). The L?(12) inner product over Q withnorm || - [|[o = | - |o is
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represented by (-, -). Additionally, (-, -) denotes the duality pairing between (H'(2))’ and H*(2),
where (H'(9))’ is the dual space of H'(£2). The norm on (H!(2))’ is defined by

R _ gup )]l 5)

sl jepu=t

HwH(Hl(Q))’ (= sup
Kk#0

Consider Y as a Banach space, where (1 < v < oo). Let L7(0,T;Y") represents the Banach space
of all measurable functions ¢ (t) : [0,7] — Y such that t — |[¢(¢)||y is in L7(0,T) with the norm

T Y
(O L~ 0,757) = (/0 |1/J(t)|}dt> ,

s

[P () )| 0,75y = ess sup @y
t

We also define L"(Q2r) = L7(0,7;L7(€2)). Additionally, we define C([0,T];Y) as the space of
continuous functions from [0, 7] into Y, consisting of ¢(¢) : [0,T] — Y such that ¢)(t) — ¥(to) in
Y as t — to. It is important to note that C([0,T];Y") is a Banach space with the associated norm
[16]:

lv®llcqomyy = sup Y@y,
te[0,T]

and recall well-known Sobolev results:

[1,00] if L=1,
HY Q) S LV(Q) — (H'(Q)) holds fory € { [1,00) if L =2, (6)
[1,6] if L=3,

where "’ denotes the continuous embedding. The embedding in (6) is compact, as per the
Rellich-Kondrachov theorem (refer to, for example, [5] page 8), with v € [1, 6] replaced by v €

[1,6) in this case when L = 3. This compact embedding is denoted by the symbol <.

The Holder’s inequality is also required frequently: For 1 < ¢,d < co such that 2 + 1 = 1; if
¢ € L°() and ¢ € L4(Q), then v¢ € L' () and

19601 < ll¥llo.clle
Applying the Holder’s inequality twice gives

0,d- (7)

1 1 1
I8 0, for 1<e¢de<oo suchthat -+ p + - =1. (8)
c e

0.1 < [¥lo.clle

0,a|/0|

For other purposes, we remember the Sobolev interpolation theorem [1]: Let » € W7 (Q), for

7 € [1,00], A > 1, then there are constants Aand € = £ (% — %) such that the following Gagliardo-

Nirenberg inequality holds by [16]:

[q, 0] if - % > 0,
[wllo,s < Allwllggllwl,, holds for s € < [q,00) if A-LZ=0o, )
[qa_)\_li/q] if - % < 0.

We also require the following Gronwall lemma in differential form: Let I'(t) € W'(0,T) and

01(t), pa(t), p3(t) € L'(0,T), where all functions are non-negative. It follows from

%it) + @a(t) < 3T (t) + @1(t) ae. te][0,T],
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that

T T T T
I(T) —l—/o po(t)dt < exp(/o w3(T)dT)T(0) + exp(/0 303(7)d7')/0 1(T)dr. (10)

We will be frequently need Young’s inequality in the form

o ST 2 1 1
V1V2§€E;£+€7lia —+—=1 (11)
€1 S €1 €2
that valids for any v;,v2 > 0, ¢ > 0 and 1,62 > 1. Another valuable implication of Young’s
inequality is as follows:

V12 11/22
ViVg = —55 —& EX Vv, vs € R, Ve > 0. (12)

3 Strong Solutions

Let {2;}5°, be orthogonal basis for H'(2) and orthonormal basis for L?({2), depending on the
Neumann problem:

—Azi+ z; = uizi, in £, 882: =0, on 09, (13)

where
1<p <pe<puz<---<pup<... with ilirgoui:oo, (14)
is an infinite set of corresponding eigenvalues. Normalising so that (z;,2;) 1) = pidi; and

(215 2j)12(0) = 0ij. Let V¥ denote the finite dimensional subspace of H*({2) spanned by {z;}F_,.
We define the L? projection onto V¥, P* : L2(Q) — V¥, by P*v = Z?Zl(v, z;)zj, we also no-
tice that (P*v,n*) = (v,n*) for all n”* € V*. This definition clearly makes sense for elements of
HY(Q) C L2(Q):

k
(Wﬂl’“) + 1 (VO%, VF) + 12 (Ve Vik) = —(a + 1)(9%, %) + ((9%)%0",n")  wp* € V¥, (15)
&Pk k k k kE k kN2 kK k k
(Wm)Jrus(Vso?Vn):a(ﬂ,n)—((ﬁ)wm) vnt e V. (16)

Theorem 3.1. Assume ) C RE is bounded, convex , and open domain with a boundary 9 of class C?,
suppose that 9o, o € H*(Q) and

Iz, t) € L2(0,T; H(2)) N L>(0,T; L*(Q)) N L*(Qr),
o(x,t) € L*(0,T; HY(2)) N L>=(0,T; L*()), (17)
Iz, t) + p(x,t) € L2(0,T; H(Q)) N L>(0,T; L*(Q)),

556



A.H. A. Khitam and G. A. Al-Juaifri Malaysian J. Math. Sci. 18(3): 553-566 (2024) 553 - 566

then the system (&) have a unique strong solution {0, ¢} satisfying

Iz, t) € L2(0,T; H*(Q)) N L>°(0,T; H(Q)) N L>°(0,T; L*(Q)),
NL>(0,T; L5 () N LY (Qr) N L¥(Qr) N C([0,T]; H' (),

pla,t) € L2(0,T5 H2(02)) N L(0,T5 H'()) N L(0,T5 L*(%)),
N L=(0,T; L% () N L*(Qr) N L8 (Qr) N C([0,T); HY(Q)),

09 Oy

A 2
o ot < ¢ (7).

and the system (&) hold as equalities in L*(Qr). Furthermore,
(Wo(), o)), — (9(., £ Y0, o), ¢, £ 90, $0));

is continuous in H' ().

Proof. Proving Theorem 3.1 will take place in several stages. O

3.1 Existence

Estimate I . Setting n* = —AY* n* = —A¢* in the (15) and (16), integrating by parts, it
follows that

1d 1d

5 VORI + 5 Ve I1F + ma A0 |1§ + sl A (I3

2 dt 2 dt
= —p2(Ap®, AVF) — a(*, ApF) + (a + 1) (97, A9*) — (o (9%)%, A0F) + (" (9%)%, Aph).  (18)

By integrating by parts and use of (11), we obtain that
— (" (%)%, A0%) =(V (" (9%)?, Vi¥)
= / OF (208 VIR)VOF + (9%)2 VP Vikde
Q
<ol Pl [ (V9o + 10 [ VTR (19)
Q Q
1

<[ 113,00 + 10" 15,00] [19°] + 5 107 113,00] [19* 13 + 16" 3]
SOOI 00 + 16" 15 00 [19°3 + 1" 2]

By integrating by parts, and using (11) and (17), we have that

(9" (95)%, Aph) = — (V(£" (97)7), Vi)

=— / (9F)2VpEVF + oF (20F ) VIRV da
Q

1 _ (20)
g—/ wkwk\?dm%/ |19ngok|2dx+2/ VI Pda
Q 2 Q Q

-1
=19V + 20 oo 92
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Now, by using (11) and (17) for the second and third terms in the right side of (18), we have that
2
(0 D, A0) — a0, AH) < —(a+ DIV + 20913 + 52 1A @)
3

Compensating (19)-(21) into (18), and multiply the result by two, we get to

d d %
IS+ IV IIE + | AVR[E + (212 — ﬁ)llﬁwk\lg +2(a + D VOF[IF + [9°Ve" |13
2
e
< g\lﬁkﬂg + O 113 oo + 0" 115 o] [9° 17 + 16" 3]- (22)

Application of Gronwall lemma gives that

2
7’
IVORT)IE + IV TG + @ns = N0 Eago.ara e + Hall ¥ oo
+2(+ DI*) 72 0.1 ) + 17V T2 (23)
2
Q X
< £||19k||%2(QT) + C[||T9k||%2(o,T;Loo(Q)) + ||<Pk||2L2(o,T;Loo(Q))]

9511 0,00 ) + 195122 0,01 )] + VIR (O)F + V" (0)]5-

By the uniform bounds in (17), the injection L(0,T; H'(Q)) < L?(0,T; L>=(£2)), we have that
(23) is bounded. Thus, we have that ¥, ©* are uniformly bounded in L>(0, T; H'(f2)). From the
fact that L1(0, T; H'(Q2)") is the pre-dual of L>°(0, T; H'(£2)), which is not reflexive Banach space,
we conclude from the first two edges (23) that

IF —~* 9, in L*>(0,T; H'(Q)), (24)

oF =%, in L™(0,T; H'(Q)). (25)

Then, we have {¢, p} € L>(0,T; H!(2)). Some known elliptical regularity results are applied to
limited, convex and open domains. From the eigenvalue in (13) and (see [7], Theorem 3.2.1.3),
we have that for a fixed (finite) k, z; € H?(Q), fori = 1,...,k. Hence, 9%(.,t), o*(.,t) € H?(Q)
for almost every (a.e.) t € (0,T). Thus, by [7] we have ||9%|>2 < C|A¥*]|o, for some positive
constant C' and a.e. t € (0,7). Therefore, from the third and fourth bounds in (23), we conclude
that 9% ©* are uniformly bounded in L?(0, T; H?(Q2)). Since L?(0,T; H?(12)) is a reflexive Banach
space [19], then, by compactness arguments [6], we get the existence of subsequences {0*, p*} €
L?(0,T; H*(Q)) such that

o ~ 9, in  L*0,T; H*(Q)), (26)

F =, in L*(0,T; H*(Q)). (27)

Thus, we have {9, p} € L?(0,T; H?(2)). Furthermore, since %—’T = 0 and %%k = 0 on 99, and
given the weak convergence of 9% — 9 and ¢* — ¢ in H?(9), it follows that 22 = 0 and g—f =0

on L?(09).

Estimate II. Set n* = %, nk = % in the weak form (15)-(16), combine the results, we have
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that
k k 9* &Pk k a9k
122 4 2202 2 e 2 4 £ L ot =04, 220 — a0, 20
k(qk\2 8719]6 (0 krgky\2 ka
+ (" (9%)?, 8t) (¢*(9*)?, o
oYk
—Mz(VSD V—- it )-
By using (11), we get that
1,0¢*

Ok
o, %27 < @293 + 11 %5

By using (7) and (11), we obtain that

15

" " 1,0
(0% ) < 1o el 918,11 5y < 118 918 + 122,

1, 00"

o9k
: O et

(92, 22) < o e 19414 2] <

Combining (29)-(31) and multiplying by 2, implies that

d
H ot H0+H ot Ho"_'ul HVﬁkHO—i-,udeVgo Ho 1)£||19’“H3
< 2042||19kH0 + p3|| AQ*|IG + 4]

Integrating over time, it follows that

T ook T 00k
LG+ [ % st + s [99 D + sl|H@ + o+ D1
T T T )
< 22 / 9% 13t + 243 / |AG* 2dt + 4 / [ 12 I9H 1 )t + ][ V9*(0)
+ 13| Ve* O)lg + (o + P (O)]3.
By using (11), and L*°(0,T; H'(Q)) < L>(Qr) on the right side of (33) leads to

T
/0 I 12, 19 1 alt <12 0 19

1 1
§*||80k\|ioc(o,T;Hl(Q)) + §||T9k||i4(QT)~

16.4]-

) (28)

(29)

(30)

(31)

(32)

(33)

(34)

By noting (34) and the bounds in (17), we see that (33) is bounded by a positive constant. We get

that 819 and 8“" are uniformly bounded in L?(Qr). As L?(Qr) is a reflexive Banach space, thus,
by compactness arguments, we get to the existence of subsequences {9*, o*} € L?*(Qr) such that

00" 09

- L%(Q
ot ot’ (),

dp* op . 2
ﬁ E, m L (QT)

(35)

(36)
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)
Thus, we have that 27, 22 € L2(Qr).

Estimate IIL. Setting n* = (¢©*)3 in (16), it follows that

1d
Z@Hw’“ 0.4+ 3usll " VEF|IF + 195 (0")?1F = a(d”, (¥*)?). (37)

By using (11) on (37), we have that
3 a?
a(@*, (¢*)*) < ZI0"(@")115 + Il 115 (38)
By substituting (38) in (37), multiplying the result by 4, and integrating over time, we have that

402
" ()54 + 12080105 Ve 12200y + 197052172000 < == I1€" 1720000y + 195 (0)][54-  (39)
3

Recalling ¢k € H'(Q), using (17) and L>°(0,T; L*(Q)) — L3(Qy), since L'(0,T; L3 (2)) is the
pre-dual of L>°(0, T'; L*(2)), which is not reflexive Banach space, we have that

PF =", in L0, T5 L4(Q).
Therefore, we get to ¢ is uniformly bounded in L>°(0, T'; L*(12)).
Estimate IV. Setting n* = (9% + ¢*)3 in (15), n* = (9* + ¢*)® in (16), and suppose that

1= p1 = po + p3, summing the resulting equations, and adding and subtracting the terms
(oF, (9% + ©*)?), we deduce

1d
4dt
We use (11) to find that

197 + ¢" 5.4 + 3ull (9 + )V + ) IF + 19" + ¢ 5.0 = (", (0" +&")%).  (40)

3 1
(&, (0 + ¢5)%) < L0 + ol + 510 I (41)

By substituting (41) in (40), and multiplying the result by 4, we conclude that

d
allﬁ’“ + 07104 + 120 (9* + )V + GG + 197 + " [15.4 < 10°116.4- (42)
Integral over time leads to
9% + @*(T)15,4 + 12ull(* + ")V * + )72 + 19 + " 140
<" 2agap) + 109" + @ (0)][5.4- (43)

Recalling 9k, of € H'(Q), using Estimate III, L>(0,7;L*())) < L*Qr) and since
LY(0,T; L% (%)) is the pre-dual of L>(0, T; L*(52)), which is not reflexive Banach space, we have
that

Prgh 0 i IROTIA),

Therefore, we get ¥ + ¢ is uniformly bounded in L>(0, T; L*(€2)), and since L*(Qr) is a reflexive
Banach space [19], then, by compactness arguments [6], we get the existence of subsequences
9% + % € L*(Qr) such that

I+ =94, in LY(Qr).

560



A.H. A Khitam and G. A. Al-Juaifri Malaysian . Math. Sci. 18(3): 53-566 (2024) 553 - 566
Estimate V. On setting #* = (9%)? in (15) and adding and subtracting (9%, (9%)°), we obtain
that

1d )
7o 958+ 39V OR I+ (o + DI 4 + 1948
— —3ua(Vih, (9F)V0F) + (0F + o8, (0%)7).  (44)

Using (7) and (11) gives that

T
Bun(V, (9%)2V0F) = — 3, / Yk vk (0% 2da
0

<3us|[9*|

500V ol V9" |l (45)

<2 gt 8 IV IR + 21V,
By using (7) Gagliardo - Nirenberg (9), and (11) on (44), we find that
(0% + ", (0)) <I10* + " [lo.s 110" 15.6
S A H

16,6 (46)
3
<SAN9* + @15 419" + o117 + leﬁk\\g,a-

By substituting (46) and (45) into (44) and multiplying the result by 4, we have that

%IlﬂkHéA + 12001 [ 95 VOF I + 4(a + )19 ][5 4 + 197116 6
< 184319 15,00 | V" 13 + %IIVﬁkllg + A" + QP[5 4ll9* + O* 1T (47)
Integrating over time leads to
19" (T) o4 + 12001 [9° V¥ |20y + 4o+ D™ Laerry + 1971 Z00rr)
< 185 oA, HﬁkHé,oo”V@kH%Q(QT) + 209" L2 0,751 () + AOI%I%XT [9% + " [5,4 /19" (48)
+ S‘JkH%?(O,T;Hl(Q)) + [[9%(0)1[5,4-

Recalling 9% € H*(Q), using Estimate I, L>°(0,T; H'(Q2)) < L>(Qr), Estimate IV and (17), since
LY(0,T; L3(R)) is the pre-dual of L>(0,T; L*(£2)), which is not reflexive Banach space, we have
that

9F =* 9, in L™=(0,T;L*(Q)).

Therefore, we get ¥ is uniformly bounded in L>(0, T'; L*(€2)). We conclude that ¥* are uniformly
bounded in L5(27). Since L°(Qr) is a reflexive Banach space [19], then, by compactness argu-
ments [6], we get the existence of subsequences ¥* € L®(Q27) such that

98—~ 9, in L5(Qp).

Estimate VL. By setting n* = (¢©%)® in (16), it follows that

1d
6 dt

e 116.6 + Busll (©")> V" 15 + 197 (¢%)? |15 = (9%, (¢¥)?). (49)
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By using (11) into (49), we have that

1 a?
o, (P)°) < 1P IR + S e i (50)
By substituting (50) into (49), multiplying the result by 6, and integral over time, we obtain that
1" (DG 6 + 303l (") V" 22y + 319" () 12200y < B2 19" [ L0y + 19" (OG- (51)

Recalling ¢f € H'(Q), using Estimate III, and L (0, T; L*(Q)) < L*(Qr), since L'(0,T; L5 ()
is the pre-dual of L>°(0, T’; L%(12)), which is not reflexive Banach space, we have that
9F =9, in L(0,T; L5(Q)).
Therefore, we get ¥ is uniformly bounded in L> (0, T’; L°(12)).
Estimate VIL. Setting n* = (9*+¢*)in (15), 7" = (¥¥+¢*)? in (16) and suppose that ;1 =

1 =
pa + pz, summing the resulting equations, and adding and subtracting the terms (¢*, (9% + *)?5),
we deduce

1d
6 dt
We use (11) to have

197 + ™ 118.6 + 5ull (0 + )2V (0F + )7 + [10° + F[I5 6 = (", (0° + %)) (52)

5 1
(6, 0% + 1)) < S0 + @ 0 + 5l

6.6- (33)
By substituting (53) in (52), and multiplying the result by 6, it follows that

d ) ,

0%+ Q856 + 30ull (9" + @)V (0% + MIF + 9% + " [56 < 16" [1o,6- (54)
Integrating over time leads to

197 + (D)5 6 + 301/l (9" + @*)?V (9" + M) 72(00) + 10° + " (150
< e® 120 () + 19° + (056 (55)

Recalling 9%, ok € H'(Q), since L'(0,T; L& (Q)) is the pre-dual of L (0, T’; L5(£2)), which is not
reflexive Banach space, we have that

O P = 94, in L®(0,T;L5(Q)).

Therefore, we get ¥ + ¢ is uniformly bounded in L>(0, T; L%(€2)), and since L5(Qr) is a reflexive
Banach space [19], then, by compactness arguments [6], we get the existence of subsequences
9F + o* € L(Qr) such that

I+ pF I+, in L5(Qr).

Estimate VIII. On setting n* = (9*)° in (15) and adding (9%, (9*)7) for both sides, we obtain
that

1d

& 7101166 + 5l ()2 VIH|E + (e + DI 56 + [19*11s

= —5ua (V" (0F)*V0F) + (0 + ", (9)). (56)
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Using (7) and (11), we find that
T
—5pa(Vk, (9%)'V0F) = — 5o / Vet vor(9*) da
0
<52 0% 5,00 | (V" [0l VO* o (57)
25013 1

<P gk 3 NI + S IV,

By using (7), the Gagliardo-Nirenberg (9) and (11) on the right hand side of (56), we find that

(0F + &%, (9%)7) <[[0* + *[l0,5]19"116 &
3 1
<A[[9" + g 6 10* + * 1 19

16,8 (58)
5
AN + M3 gl19* + I + 2 o

8
0,8

By substituting (57) and (58) into (56) and multiplying the result by 6, we obtain

d
T 107 115.6 + 30p [ (9%)*VO¥[I§ + 6(a+ D9 [15.6 + 19155

< 75439 [[5,00 | VO™ 15 + IO 1§ + All0° + F[IE 6110° + F[IF. (59)

6,61
Integrating over time leads to
195 ()16, 6 + 30u [ (9)* V¥ |22,y + 6(ex + DI o0y + 191250

< Top3 max 0"

0,00V 1720y + 3119* 20,7301 () + A max 9% + " [5619° (60)
+ @kH%?(O,T;Hl(Q)) + [[9%(0)]15 6-

Recalling 9§ € H'(Q), using Estimate I, L°°(0,T; H*(Q)) — L*(Qr), Estimate VII and (17),
since L'(0,T; L5 (Q)) is the pre-dual of L>°(0,T’; LS(2)), which is not reflexive Banach space, we
have that

9 =9, in L*(0,T; L5(Q)).

Therefore, we get 9 is uniformly bounded in L>°(0,77; L%(f2)), and since L8(Qr) is a reflexive
Banach space [19], then, by compactness arguments [6], we get the existence of subsequences
9% € L¥(Qr) such that

9F —~9, in L8(Qr).

Lemma 3.1. If & > 0, assume that

9 € L*(0,T; H*1(Q)), % € L*(0,T; H*1()).

Then, ¥ € C([0,T); HX(Q)).
Proof. See [13], pages 191-194. O

Here, in our case, k = 1, H*1(Q) = H2(Q), H*(Q) = HY(Q), H*~1(Q) = L*(Q). Thus, from
Lemma 3.1 we have that 9, ¢ € C([0,T]; H(Q)).
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3.2 Continuous dependence

Suppose that {91, 1 } and {2, @2} satisfy the weak form (15) and (16), with initial conditions
191(.,0) = 19170(.)7192(.,0) = 19270(.), and (p1(70) = @170(.)7@2(.,0) = (,0270(.), respectively such
that ’19170(.) # 192’0(.), and @170(.) # 302’0(.). Setting 01 = 191 — ’192 and 02 = 1 — Y2, and setting
w = —Ap1+0; and w = —Apy+ 02 in (15) and (16), subtracting weak forms lead after integrating
by parts to

1d 1d
57 (leald + 1V erld) + 5= (leal? + 19 ezlf) + m (IV el + 1 Aer )

+ s ([IVe2ll§ + 1A02013) + (o + D ([IVerll§ + lleall6)

=a(Voi1Ves + 0102) + pi2 /Q(Anggl + Vo2Vor)dx o
+ (9197 — 2093, —Ao1 + 01) — (10} — 203, —Aoa + 02).
By applying (11) into (61), and obtain
o(VorVos + 0102) < /Oi”VQzH(?) + L0+ S o + Q(Ofil)um%. (62)
By applying (7) and (11), yield
(197 — 02193, 01) — (9197 — 2193, 02)
= (p1(9] = 93) + (91 — @2)93, 01) — (01 (9] — 93) + (91 — 02)03, 02) (63)

= (p1(91 +Y2)01, 01) + (0293, 01) — (p1(91 + V2)01, 02) — (02993, 02)
< Cllle1llg.00 + 191115 00 + 192115 o0] ler [l + lle2l1] — 920215

In the same way, we can show that
— (197 — @203, Ap1) + (107 — @203, Ago)

= (pr02(91 + U2), Ap1) — (9302, Ap1) — (pr01(91 + D2), Agz) + (9302, Ao2) (64)
< Cllle1llf oo + 191115 .00 + 192015 00) [V 01115 + [V 021I3] — 19211500 IV 02115

Substituting (62)-(64) into (61) leads to

1d
2 dt

1d
2.dt
1 2 o b 2 o a+l 2 2
+ 5 HsllAcz(lo + (ks — o E)HVQQHO +(a+ Vel + ——llerllo + [[92¢2]lo

2
" 1
(o213 + 1V e213) + G = 3 2 NAerl + 5l Verli

(lloa13 + 19 0113) +
(65)
1102113 o | V0211

a2
< _
~2(a+1)

e (1Y 5.0 [lonlls + IV erllg + le2llg + IVe2ll3]-

lle2113 + C lls 6,00 T 192

If we eliminate the positive terms from the left-hand side and multiply the result by 2, we obtain

d 2 d 2
%Hglﬂo‘f' @HQzHo
<CL+ 101800 + 1101115 .00 + 192015.00] + [ll0111 00 + 0211800 + Vo115 + | Vo2lI3].  (66)

From the application of the Grénwall lemma (10), yields
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s (T)IIF + lle2(T)|I13

T
< exp <2CT +/O [+ 111115 00 + 191115 00 + ||192||3,oo]dt> [No1(O)IIF + lle2(0)[IF].  (67)

On noting the uniform bounds in (17), we have

lon (DI + ez (TIIE < C(llor (O)IIF + lle2(0)1]7)- (68)
Thus, if (41(0),©1(0)) = (92(0), ¢2(0)), then (02(0), 02(0)) = (0,0) and hence it follows from
(68) that (g2(t), 02(t)) = (0,0) and hence 91 (t) = ¥2(t) and ¢1(t) = @2(t) for all t. However, if
(91(0), 1(0)) # (92(0), p2(0)), then we have continuous dependence in H*(2). This is complete
proof

4 Conclusions

If the initial data is in H'((2), there is a unique global strong solution depending continuously
on the initial data. We show the continuous dependence of the strong solution on the initial data.
This seems to represent a limitation in the Faedo-Galerkin method and the fact when we took the
initial data in H'(Q).
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